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Abstract - Estimation fusion performance with the effect
of correlation is analyzed. First, the correlation type is
classified into two categories: same source correlation
and different source correlation. Second, with the best
linear unbiased estimation (BLUE) criteria, the scalar
case is analyzed with the effect of correlation. For the
same source correlation, with the same absolute value,
the fusion result for negative correlation is better than
positive correlation. For the different source correlation,
with independent extra information, stronger correlation
can lead to better fusion result. Finally, the conclusions
are supported by some examples.
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1 Introduction

Estimation fusion is the problem of how to best utilize
useful information contained in multiple sets of data for
the purpose of estimating an unknown quantity — a
parameter or process [1]. These data are usually from
multiple sources, e.g. multiple sensors, multiple
estimators. If sensor can be regarded as some kind of
estimator, all the data can be seen as provided by the
estimators, which are usually correlated.

For example, when different sensors measure a same
object in a noisy environment, the measurements are
usually correlated. For another example, in distributed
target tracking system, those tracks are usually correlated
due to the same initial data, common process noise, etc.
Because the data are the estimation for the same object,
the above kind of correlation can be called “same source
correlation”.

There are some other kind of correlation. For example,
Constant velocity (CV) model can provide position and
velocity’s estimation and the two estimations are
correlated because of the kinematic model. For another
example, target’s range, azimuth and elevation can be
measured by radar. Even the radar’s original
measurements are uncorrelated, they will be correlated
when they are transformed from spherical coordinate to
Cartesian coordinate. Because the correlated data stand
for different objects’ estimation, this kind of correlation
can be called “different source correlation”.

The purpose of this paper is to show the effect of the
correlation to the fusion result. The rest of the paper is

organized as follows: problem formulation and fusion
algorithm is shown in section 2. Performance analysis is
given in section 3 and some examples are given in section
4. Section 5 is the conclusion.

2  Problem formulation and fusion algorithm

2.1 Same source correlation

Only the scalar case is considered here. Assume the
estimator X, X, satisfy the following equation:

X, =X+V,, X, =X+V, 1)

where x is the true estimatee and v;,v, are the estimation
errors. Assume the estimation errors have the zero mean :

E[v,]=E[v,]=0 )

The followings are the variances and the covariance of the
estimation errors :

var(v,) = o7, var(v,) = o; (3)
cov(v,V,) = po,o,, p e[-11] 4)

where p is the correlation coefficient. Because X, X, are
both the estimation for same x, here p stands for the
same source correlation coefficient.

If the two estimators are fused to obtain a new estimation,
it becomes a standard track fusion problem. With the
BLUE criteria [2], the fusion equation will be :

R=X+P.P.l(z-7) )

Xz 2z

P=P,-P,P'P, (6)
where X is the prior mean and z is the measurement. Just
like [3], denote x, as the prior mean and X, as the
measurement, the covariance term of (5) and (6)will
become :

P :512_10010'2 (7

Xz



P, =0 +0} -2po,0, (8)

With (7)and (8), the final fusion equation becomes :

%= (05 = p0,03)% + (o) = p5,5,)%, 9)
ol +0o; —2po,o,
The corresponding variance becomes :

0_2 — Gl 0-2 (1 p ) (10)
ol +0o; —2po,o,

2.2 Different source correlation

The following problem is considered: there are two
estimators, one can provide the complete estimation to
one estimatee, the other can only provide part of the
estimation to the estimatee. Assume X is the estimatee,

which can be expressed as X =[x y]T .

Estimator 1:
R %
)f1:|:|:x:|+ ) (11)
yl y Vy1

X, =%, =X+V (12)

Estimator 2:

It can be seen that x is the common part, y is the extra
part. x and y are scalars here.

The mean, covariance and cross covariance of the noise
are:

E[v, |=E[v, |=E[v, ]=0 (13)
cov HVXI D = { o Pron GZXI Gyl} (14)

Vy, Py Ox Oy, Oy,
cov(v;) = oy, (15)

VX IOX X O-X O-X
covi| "L, |=| T T (16)
VY1 p Y1%o O-Y1 O-Xz
Py and o, stand for the different source correlation

coefficient.
To fusion such kind of data, the following three methods
can be used:

1) Optimal WLS fuser

2) BLUE fuser without prior
3) Regard one of the data as prior and use BLUE fuser

Although they have different fusion equation, they are
actually identical [4]. Here the third method (BLUE
fusion with prior) is used.

Regard {)fl} as the prior and X, as the measurement, the
1

fusion equation will be:

X =X+K(& %)

2
Gx P X1 Xo le X, A A
o X~ Xl)
|: Xl :| P X1Y1 ><1 Y1 —P YiXo V1 Xa
1 O- G + O' 2p X Xp ><1 xz

(17)
O, 2 O, O
pP= X p CRC I R O
2
P ><1y1o-><1o-y1 O-Y1
P X1 Xo O-><1 Xp

2 2 i
Gx o O-x P XX O-x1 O—x2
P X1y, Xl Y1 P YiXo Y1 Xz P X1Y1 Xl Y1 P YiXo Y1 ze

O-x1+o- _prlx2 X x2

(18)

X part (common data part) is same as the same source
correlation. Here the y part (extra data part) is analyzed.

The covariance is used here for performance analysis.

2 2 (pXm X1 Y1 'OY1X2 Y1GX2)2 (19)

O-Y = UYl
><1 + O-x2 - 2:0 XXp O-><1 O-x2

3 Fusion performance analysis

3.1 Same source correlation

From equation(10), the relationship between the fusion
performance oand the correlation coefficient p can be
analyzed.

It is obvious that only if o7 + o7 —2p0,0, # 0, equation
(10) will be meaningful. So let’s discuss from

ol +0;—2po,c, =0.

o} +0; ~2p0,0, =(0,-0,)" +2(1- p)o,o, (20)



Since o,,0,>0 , only when o, =0, and p=1,

ol +0;-2pc,o, =0
Casel: 0,=0, and p=1

In this case, from (7) and (8), it can be seen that
P, =P, =0. Since the pseudo inverse of 0 is equal to 0,

the fusion result can be got from (5) and (6):

X=%, (21)
o’ =0o} (22)
It can be physically explained as following: since
o, =0, and p=1, estimator 2 actually is the same as

estimator 1. So estimator 2 can’t provide any new
information to estimator 1. So the fusion result is the same
as estimator 1.

Conclusion 1: when o,=0, and p=1, the fused
estimator is the same as the original one.
In the other case, o} +0; —2po,0, #0, so let’s directly

use (10) to analyze.
From (10), the following derivation can be got :

o o
20705 (p~—)p=—2)

2
d(G ) — GZ o;l (23)
dp (af +o? —2,00'10'2)
2
It can be seen that if o, =0, and p =1 then d(e) >0.

dp
Case2: 0,=0, and p#1

In this case, when p increases, o will also increase. Put
o, = o, into (10),
2_1

o’ =20l (1+p) (24)

o? is a monotonic increasing linear function of p . If

p<0, o’(p)<o’(0) , which means that negative
correlation is better than non-correlation.
When p=-1, o =0, which means the perfect truth can

be obtained. Actually when o, =0,and p=-1,v, and
v, are always with the opposite sign. The error can be

eliminated then the perfect error free fusion result can be
got.

When p —1, it can be got from (10) that :

2 __2 2
. 1-
lim 2 @=P) (25)
g;}fz o, +0, —2po,0,

Which is the same as case 1. So case 1 is a special case of
case 2.

Conclusion 2: when o, =0, , the fused estimator’s

variance is a monotonic increasing linear function of
correlation coefficient. Negative correlation is better than
non-correlation and perfect negative correlation can get
perfect error free fusion result. Just as mentioned in
conclusion 1, perfect positive correlation will be no help
for fusion.

Case 3: 0, %20,

Without loss of generality, assume o; > o, . From (23), it
can be seen that:

2
dle) . if p<2 (26)
dp o,

2
d@) _g if p=22 (27
dp o,

2
dle) _j if p>22 (28)
dp o,

From (26)-(28), it can be concluded that when p<2,
O-l

o’ is a monotonic increasing function of p ; when

0. . . . .
p>—2, o’ is a monotonic decreasing function of p ;
0y

O. . . .
when p=—=2, & will reach its peak maximum value.
%1

Put p =22 t0(10),
%1

o’ =07 (29)
The generalization of the result is the following :
Let p* :min(ﬁ,ﬁ), when p < p*, ois a monotonic

0, 0,

increasing function of p When p>p" , o’ is a
monotonic decreasing function of p .When p=p", o?
will reach its peak maximum value, which is min(o;,o7) .
When p = p", the fusion result is the same as the more

precise estimator. It seems that the fusion will be no help
in the worse case, but actually the fusion equation can



automatically choose the more precise one’s estimator as
the fusion result. It also helps in that kind of sense.
From (10), it can be seen that :

oiol(1-p)

lim =0 30

r1ol + 0 —2po,o, (30)
2 20 2

lim fl"g(l )y (31)

So it can be concluded that, when o, # o,, both perfect

postive and negative correlation can obtain perfect fusion
result.

Let o(p) < o(0),

2 20 2 2 2
20.0-p) 5o (32
o, +o, —2po,0, o) +o0,
which equals
p’ (ol +0)-2po,c, >0 (33)

it will get that when p <0 or p >

2 2!
1 10,
2_2
So when p <0 or p>—=+—2-, correlation is better than
O, +O'2

non-correlation.

Conclusion 3: when o, # 0, , there exists a certain

positive value, which is named p" and p" = min(&,ﬂ).

o, O,
When p < p*, o?is a monotonic increasing function of
P when p>p*, o’is a monotonic decreasing function
of p; when p=p", o® will reach its peak maximum

value, which is min(s{,07) . Both perfect postive and
negative correlation can obtain perfect fusion result. when

2_2
O, 0. . .
p<0 or p>—=—2 correlation is better than non-
1 2
correlation.

The following compares the negative correlation with the
positive correlation and both correlation coefficients have
the same absolute value. For some certain p #0 ,the

following equation can be easily derived from (10):

oro;(1-p°)

() = (34)

ol +o} —2|,0|¢:)'10'2

2 _2
20,0, o(p) <o(0).

o703 (1-p°)

2(~lph = 35
o |,D|) 0'12-1-0'22-1-2|,0|0'102 (35)

It can be seen that :
o*(=|p <o (o) (36)

Conclusion 4: With the same absolute value correlation
coefficient, the fusion result for negative correlation is
better than positive correlation.

3.2 Different source correlation

The analysis for this part from (19) and a simplified
scenario is discussed next. Assume estimator 1 and 2 are
independent with each other, which means:

Vx Prx, % Ox
covi| "L, |=| 7 " 7 |=0 (37)
VV1 P Y1Xz O-Y1 ze

Then (19) becomes:

(38)
2 2
2 pxy O-x
=c 1— a1~ X
yl[ o-fl +0"5J

Py, 18 the different source correlation coefficient. The
following two conclusions can be derived from (38):

Conclusion 5: if o

X1’

o, and o, are fixed, when

pxly1|increases, oj will decrease. This means that higher
correlation can lead to better fusion result.

Conclusion 6: If o, , o, and p, are fixed, p,, #0,

when o, decreases, o, will decrease. This means that

with the different source correlation, more accurate
independent estimator can lead to better fusion result.

4  Examples

4.1 Same source correlation

For the same source correlation, some examples are
simulated.
Example 1: Two estimators have the same variances and

ol=0;=9
Fig.1 shows the relationship between o° and p .
Conclusion 1 and 2 are supported by Fig.1.
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Fig.1 The relationship between ¢ and p when o, = o,

Example 2: Two estimators have the different variances
and o7 =4,0 =16,p" =05
Fig.2 is the relationship between o?and p . Conclusion 3
and 4 are supported by Fig.2.

63=4,63=16

3.5+

25F

1.5F

0.5+

Fig.2 The relationship between ¢ and p when o, # o,

4.2 Different source correlation

Example 3: One Doppler radar can get range and range
rate measurements. The range and range rate
measurements are sometimes correlated [5]. Another radar
can only get range measurement. The two radars are

independent with each other. The state vectors are |r r']'
and r, respectively. The corresponding covariances are:

2
O, PO 0,
_ rl ri~r _ 2
Pl_|:p00 O'2 :|, Pz_arz
ri~r g

r

After fusion,

2_2
Y (1—&J (39)
10 10p
Let P, = P, =10,
10p 10

Fig.3 shows P, as a function of |p|, which changes from
0 to 1.Conclusion 5 are supported by Fig.3.

10

5 L L L L
0 0.2 0.4 0.6 0.8 1

ol

Fig.3 P, as a function of |p|

Example 4: The scenario is the same as example 3 and
the correlation coefficient is fixed.

10 5 )
LetR=|", | R=0h

Fig.4 shows P. as a function of &7, which changing from
01010 . Conclusion 6 is supported by Fig.4.

2
r2

Fig.4 The relationship between radar’s range accuracy and fused
range rate accuracy



5 Conclusion

The correlation type is classified into two categories:
same source correlation and different source correlation.
With the best linear unbiased estimation (BLUE) criteria,
fusion performance with the scalar case is analyzed. For
the same source correlation, negative correlation is better
than positive correlation. For the different source
correlation, with the independent extra information,
stronger correlation’s fusion result is better than the weak
correlation.
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